The classifying space E( ; F) for a family F of subgroups of a group is deÿned up to -homotopy as a -CW -complex E( ; F) such that E( ; F) H is contractible if H belongs to F and is empty otherwise. We investigate the question whether there is a ÿnite-dimensional -CW -model, a ÿnite -CW -model or a -CW -model of ÿnite type for E( ; F) focusing on the case where F is the family of ÿnite subgroups. c 2000 Elsevier Science B.V. All rights reserved.
The existence of E( ; F) and proofs that for any -CW -complex X whose isotropy groups belong to F there is precisely one -map up to -homotopy from X to E( ; F) and thus that two such classifying spaces are -homotopy equivalent, are presented in [9] and [10, I.6] . A functorial "bar-type" construction is given in [8, Section 7] . These classifying spaces occur in the Isomorphism-Conjectures in algebraic K-and L-theory [12, 1.6 on p. 257] for F the family of virtually cyclic groups and in the Baum-Connes-Conjecture [2, Conjecture 3.15 on p. 254] for F the family F IN of ÿnite subgroups. The space E plays also a role in the extension of the Atiyah-Segal Completion Theorem from ÿnite to inÿnite groups [17] . Sometimes E is also called the classifying space for proper actions. Notice that E( ; F) for F the family consisting of one element, namely the trivial subgroup, is the same as the total space E of the universal principal -bundle E → B . If is torsionfree, then E is the same as E . If is ÿnite, then the one-point-space is a model for E .
In this paper we are dealing with the question whether one can ÿnd a d-dimensional -CW -model, a ÿnite -CW -model or a -CW -model of ÿnite type for E . Recall that a -CW -complex X is ÿnite if and only if it consists of ÿnitely many -equivariant cells, or, equivalently, \X is compact. It is called of ÿnite type if each skeleton is ÿnite. More information about -CW -complexes can be found in [10, II.1 and II.2] and [15, Sections 1 and 2]. A survey of groups for which nice geometric -CW -models for E exist can be found in [2, Section 2]. These include for instance (i) word-hyperbolic groups for which the Rips complex yields a ÿnite -CW -model for E , (ii) discrete subgroups ⊂ G of a Lie group G with ÿnitely many path components for which G=K with the left -action for a maximal compact subgroup K ⊂ G is a -CW -model for E and (iii) groups acting cellularly (without inversion) on trees with ÿnite isotropy groups.
In Section 1 we give necessary conditions for the existence of a -CW -model of E with prescribed dimensions of the H -ÿxed point sets E H in terms of the Borel cohomology of the posets of non-trivial ÿnite subgroups of the Weyl groups WH of the ÿnite subgroups H ⊂ (see Theorem 1.6). The length l(H ) ∈ {0; 1; : : :} of a ÿnite group H is the supremum over all p for which there is a nested sequence H 0 ⊂ H 1 ⊂ · · · ⊂ H p of subgroups H i of H with H i = H i+1 . We do not know whether the necessary conditions above are also su cient in general. However, if there is an upper bound l on the length l(H ) of ÿnite subgroups H of , then the necessary conditions above are also su cient (see Theorem 1.6).
We also give a necessary algebraic condition B(d) for a non-negative integer d for the existence of a d-dimensional -CW -model for E , namely that for each ÿnite subgroup H ⊂ a ZWH -module M whose restriction to ZK is projective for any ÿnite subgroup K ⊂ WH has a d-dimensional projective ZWH -resolution (Notation 1.4. and Lemma 1.5). If there is an upper bound l on the length l(H ) of ÿnite subgroups H of and B(d) is satisÿed we will prove that there is a (max{3; d}+l(d+1))-dimensional -CW -model for E (Theorem 1.10). Such a result has already been proven for certain classes of groups by Kropholler and Mislin [13, Theorem B] , for an in l exponential dimension estimate. In Section 2 we show that E has a dm-dimensional -CW -model if there is a subgroup ⊂ of ÿnite index d with m-dimensional -CW -model for E (Theorem 2.4).
In Section 3 we show for an exact sequence 1 → → → → 1 such that there is an upper bound on the orders of ÿnite subgroups of that E has a ÿnite-dimensional -CW -model if E and E respectively have a ÿnite-dimensional -CW -model and a ÿnite-dimensional -CW -model respectively (Theorem 3.1). We discuss to which extend a statement like this holds if we ask for ÿnite models or models of ÿnite type (Theorems 3.2 and 3.3).
In Section 4 we prove that E has a -CW -model of ÿnite type if and only if there is a CW -model of ÿnite type for BWH for all ÿnite subgroups H ⊂ and contains only ÿnitely many conjugacy classes of ÿnite subgroups (Theorem 4.2).
In Section 5 we deal with the question whether there is a ÿnitely dominated or ÿnite -CW -complex model for E (Theorem 5.1 and Remark 5.2).
In Section 6 we consider the special case of groups of ÿnite virtual cohomological dimension. Provided that contains a torsionfree group of ÿnite index, satisÿes B(d) if and only if has virtual cohomological dimension ≤ d (Theorem 6.3). If l is an upper bound on the length l(H ) of ÿnite subgroups H of and has virtual cohomological dimension ≤ d, then we will prove that there is a (max{3; d} + l)-dimensional -CW -model for E (Theorem 6.4).
Finally we discuss some open problems in Section 7.
We will always work in the category of compactly generated spaces (see [20] and [22, I.4] ). A -space or a Z -module respectively is always to be understood as a left -space or left Z -module, respectively. The letter stands always for a discrete group.
Finite-dimensional classifying spaces
In this section we deal with the question whether there are ÿnite-dimensional -CW -models for E . Deÿne the -poset
An element ∈ sends K to K −1 and the poset-structure comes from inclusion of subgroups. Denote by |P( )| the geometric realization of the category given by the poset P( ). This is a -CW -complex but in general not proper, i.e. it can have points with inÿnite isotropy groups.
Let NH be the normalizer and let WH := NH=H be the Weyl group of H ⊂ . Notice for a -space X that X H inherits a WH -action. Denote by (X ) the singular set of the -space X , i.e. the set of points with non-trivial isotropy groups. Notice that (X ) may di er from (X ) for a subgroup ⊂ . Denote by CX the cone over X . Notice that C∅ is the one-point-space. The meaning of |P( )| lies in the following result which follows from [7, Lemma 2.4] . Lemma 1.2. There is a -equivariant map
which is a (non-equivariant) homotopy equivalence. The length l(H ) ∈ {0; 1; : : :} of a ÿnite group H is the supremum over all p for which there is a nested sequence
Lemma 1.5. Suppose that there is a d-dimensional -CW -complex X with ÿnite isotropy groups such that H p (X ; Z) = H p ( * ; Z) for all p ≥ 0 holds. This assumption is for instance satisÿed if there is a d-dimensional -CW -model for E . Then satisÿes condition B(d).
Proof. Let H ⊂ be ÿnite. Then X=H satisÿes H p (X=H ; Z) = H p ( * ; Z) for all p ≥ 0 [4, III.5.4 on p. 131]. Let C * be the cellular ZWH -chain complex of X=H . This is a d-dimensional resolution of the trivial ZWH -module Z and each chain module is a sum of ZWH -modules of the shape Z[WH=K] for some ÿnite subgroup K ⊂ WH . Let N be a ZWH -module such that N is projective over ZK for any ÿnite subgroup K ⊂ WH . Then C * ⊗ Z N with the diagonal WH -operation is a d-dimensional projective ZWH -resolution of N . Theorem 1.6. Let be a group. Suppose that we have for any ÿnite subgroup
Consider the following statements:
(1) There is a -CW -model E such that for any ÿnite subgroup H ⊂
(2) We have for any ÿnite subgroup H ⊂ and for any ZWH -module M
We have for any ÿnite subgroup H ⊂ that its Weyl group WH satisÿes b (¡∞) and that there is a subgroup (H ) ⊂ WH of ÿnite index such that for any
Then (1) implies both (2) and (3). If there is an upper bound on the length l(H ) of the ÿnite subgroups H of ; then these statements (1); (2) and (3) are equivalent.
In the case that has ÿnite virtual cohomological dimension a similar result is proven in [7 
Namely, deÿne maps of posets C; F : P(WH ) → P(WH ) by C(K) = L and F(K) = K; L where the subgroup K; L generated by K and L is ÿnite since L is normal in WH . Since K ⊂ F(K) and L ⊂ F(K) holds for all ÿnite subgroups K, there are natural transformations between the functors id and F and the functors C and F of the category given by the poset P(WH ) and hence the maps induced by these functors on the geometric realizations are homotopic. Hence the identity is homotopic to the constant map which is the map induced by C.
The proof of Theorem 1.6 needs some preparation. The next lemma deals with the question whether a -CW -complex can be made contractible by attaching free cells of bounded dimension and is the key ingredient in the induction step in the proof of Theorem 1.6. Lemma 1.9. Let X be a -CW -complex and d ≥ 3 be an integer. Consider the following statements:
(1) There is a -CW -complex Y which is obtained from X by attaching free cells
There is a non-negative integer e such that H n (X ; Z) = 0 for n ≥ d − e and the group satisÿes b(e).
Then we have
If X is ÿnite-dimensional and all isotropy groups of X are ÿnite then (1) ⇒ (7). If X H is contractible for all non-trivial ÿnite subgroups H ⊂ ; then (7) ⇒ (1) and
Proof. (1) ⇒ (2) Let Z ⊃ X be the given extension. Then one constructs a pair of -CW -complexes (Z ; E × X ) such that Z is obtained from E × X by attaching free cells × D n of dimension n ≤ d and for the -space Z deÿned by thepushout
there is a -homotopy equivalence of pairs relative X from (Z ; X ) to (Z; X ). Then Z is contractible and the desired -CW -complex.
In fact there is a bijective correspondence between the cells × D n of Z −(E × X ) and of Z −X for all n. The construction is based on the observation that for any -map f : A → B of -spaces which is a (non-equivariant) homotopy equivalence anymap × S n → B lifts up to -homotopy to a -map × S n → A and changing the -homotopy type of the attaching maps does not change the -homotopy type of a -CW -complex. Details can be found in [15, pp. 288-289] . 
for pr : E × X → X the projection. Since the inclusion of E × X into E × CX is a coÿbration and pr is a (non-equivariant) homotopy equivalence, pr is a (nonequivariant) homotopy equivalence. Hence Y is contractible. Obviously C * (Y; X ) and C * (E × (CX; X )) are Z -chain isomorphic. Choose a -map f : Z → Y which induces the identity on X and a Z -chain homotopy equivalence g * :
Hence we obtain an exact sequence of Z -modules
This implies that H d−1 (Z; Z) is a projective Z -module. We conclude H j (X ; Z) = 0 for j ≥ d from the long homology sequence associated to E × (CX; X ) and the fact that H j (E × (CX; X ); Z) = 0 for j ≥ d + 1. [21] . Hence it remains to show that
A and x ∈ Z . This is the coinduction of A with respect to the inclusion of the trivial group in . Since coinduction is the right adjoint of restriction, we get
From the universal coe cient theorem we conclude hom Z (H d (X ; Z); A) = 0 for any abelian group A. This implies H d (X ; Z) = 0. Now we show (1) ⇒ (7) provided that X is ÿnite-dimensional and the isotropy groups of X are ÿnite. If i : 0 → is the inclusion and i ] denotes coinduction with i, we have
for any Z 0 -module M . Since we already know (1) ⇒ (6), it su ces to show that satisÿes b(d) if (1) holds. Then C * (Y ) is a ÿnite-dimensional Z -resolution of the trivial Z -module Z and each C n (Y ) is a direct sum of Z -modules of the shape Z =L for appropriate ÿnite subgroups L ⊂ . If N is a Z -module which is projective over ZH for all ÿnite subgroups H ⊂ , then C * (X ) ⊗ Z N with the diagonal -action is a ÿnite-dimensional projective Z -resolution of N .
From now on suppose that X K is contractible for any non-trivial ÿnite subgroup K ⊂ . Notice that then for any non-trivial ÿnite subgroup H ⊂ the singular set H (X ) of the H -space X is contractible because of [7, Lemma 2.5 on p. 22] because H (X ) is the union of the sets X K for K ⊂ H with K = 1 and X K1 ∩ X K2 = X K1;K2 , where K 1 ; K 2 is the subgroup of H generated by K 1 and K 2 .
(7) ⇒ (3) If the -space X satisÿes (7), the 0 -space X satisÿes (6) and hence (3) . Therefore H n (X ; Z) = 0 for n ≥ d and H d−1 (Z; Z) is projective over Z 0 . Hence it remains to show that H d−1 (Z; Z) is projective over Z . Because of [7, Lemma 4.1 (a) on p. 26] it su ces to show that the cohomological dimension of the Z -module H d−1 (Z; Z) is ÿnite. As satisÿes b(¡∞) by assumption it su ces to prove for any ÿnite subgroup H ⊂ that the ZH -module H d−1 (Z; Z) is projective. Since the singular set H (X ) of the H -space X is contractible and agrees with the singular set H (Z) of the H -space Z we conclude H j (Z; Z) = H j (Z; H (Z); Z) for j ≥ 1. Since Z is (d − 2)-connected and the relative dimension of (Z; H (Z)) is less or equal to d − 1, we obtain an exact sequence of ZH -modules 
We conclude from the long exact homology sequences associated to (Z; Z ), (Z; X ) and
Hence we obtain an exact sequence
This implies that H d−1 (Z; Z) is a projective Z -module. This ÿnishes the proof of Lemma 1.9.
Proof of Theorem 1.6. Now we are ready to give the proof of Theorem 1.6. First we show that (1) implies both (2) and (3). This follows directly from Lemmas 1.2, 1.3 and the implication (1) ⇒ (6) and (1) ⇒ (7) of Lemma 1.9 applied to the singular set X = WH (EWH ) of the WH -space EWH . It remains to show that (1) holds provided that there is an upper bound l on the length l(H ) of ÿnite subgroups H ⊂ and (2) or (3) is true.
We construct inductively a nested sequence of -CW -complexes
with the following properties. The -CW -complex X [n] is obtained from X [n + 1] by attaching cells of the type =H × D k for ÿnite subgroups H ⊂ with l(H ) = n and k ≤ d(H ) and X [n]
H is contractible for any ÿnite subgroup H ⊂ with l(H ) ≥ n. Then X [0] is the desired model for E . The induction begin n = l + 1 is obvious, the induction step from n + 1 to n done as follows.
Let H ⊂ be a ÿnite subgroup with l(H ) = n. K for all ÿnite subgroup K ⊂ with H ⊂ K; H = K ∩ NH and similiar for WH (E H ) and any such group K satisÿes l(K) ≥ n + 1. We get from Lemmas 1.2 and 1.3 an isomorphism 
where (H ) runs through the conjugacy classes of ÿnite subgroups H ⊂ with l(H ) = n, i is the obvious inclusion and p sends ( ;
H respectively for any ÿnite subgroup H ⊂ with l(H ) = n and l(H )¿n respectively, one easily veriÿes that X [n] has the desired properties. This ÿnishes the proof of Theorem 1.6.
The next result has already been proven by Kropholler and Mislin [13, Theorem B] for certain classes of groups and in l exponential dimension estimate (see also Remark 1.12). We will give an in l-linear one. 
holds.
In particular E has dimension max{3; d} + l(d + 1).
Proof. The proof is a variation of the proof of Theorem 1.6. now using in the induction step the implication (8) ⇒ (1) proven in Lemma 1.9 instead of the implications (6) ⇒ (1) and (7) ⇒ (1).
Remark 1.11. There are groups for which there is a 1-dimensional -CW -model for E but no upper bound l on the length l(H ) of ÿnite subgroups. Namely, any group whose rational cohomological dimension is less or equal to 1 admits a 1-dimensional model for E [11] . In particular any countable locally ÿnite group has a 1-dimensional model for E . . We conclude
from Lemma 1.5 and Theorem 1.10.
Coinduction
In this section we study coinduction and what it does to a classifying space for a family. and the symmetric group S l in l-letters with respect to the action of S l on l given by · ( k ) = ( −1 (k) ). The group G acts in the obvious way on the target l k=1 X of ev. Let s : → S k be the group homomorphism satisfying s( )(k) = k ∈ \ for all ∈ and k ∈ {1; : : : ; l}. Then we obtain an embedding of group
such that ev is a -homeomorphism with the given -action on the source and the restricted -action on the target. Hence it su ces to show that l k=1 X is G-homotopy equivalent to a dl-dimensional G-CW -complex Y . Recall that a G-CW -structure is the same as a CW -structure such that the G-action permutes the cells and for any g ∈ G and cell e with g · e = e multiplication with g induces the identity on e. Notice that l k=1 X has an obvious l -CW -structure. However, the G-action does respect the skeleta and permutes the cells but it happens that multiplication with an element g ∈ G maps a cell to itself but not by the identity so that this does not give the structure of a G-CWcomplex on l k=1 X . This problem can be solved by using simplicial complexes with equivariant simplicial actions using the fact that the second barycentric subdivision is an equivariant CW -complex but then one has to deal with product of simplicial complexes. We give another approach.
We next construct a nested sequence of G-CW -complexes
is n-dimensional and f n is an extension of f n−1 for all n ≥ 0. Then f ld is the desired -homotopy equivalence. The begin n = −1 of the induction is trivial, the induction step from n − 1 to n done as follows:
For p ≥ 0 choose a -push out
Deÿne an index set J n := (i; ) | i =(i 1 ; i 2 ; : : : ; i l ); i k =0; : : : ; n; l k=1 i k = n; =( 1 ; : : : ; l ) ∈ I i1 × · · · ×I i l :
Consider the space
There is an obvious S l -action on J n given by permutating the coordinates which induces an S l -action on A. Together with the obvious l -action this yields a G-action on A.
Next we show that (A; @A) carries the structure of a pair of G-CW -complexes with dimension n where @A is the topological boundary of A. Fix (i; ) ∈ J n . Let S l ⊂ S l be the isotropy group of (i; ) under the S l -action on J n . Then S l acts on 
Since (A; @A) is the disjoint union of such pairs, it carries a G-CW -structure. We have the G-push out
By the equivariant cellular approximation theorem [10, II.2] we can choose a G-homotopy h from f n−1 • q to a cellular G-map c : @A → Y n−1 . Deÿne Y n by the G-push out
Since c is cellular, (A; @A) is a pair of n-dimensional G-CW -complexes and Y n−1 an (n−1)-dimensional G-CW -complex, Y n is an n-dimensional G-CW -complex. Using [15, Lemma 2.13 on page 38] and the G-homotopy h one constructs the desired G-homotopy equivalence f n : ( l k=1 X ) n →Y n . This ÿnishes the proof of Theorem 2.3.1. (2) Let Z be any (non-equivariant) space and let H ⊂ be a subgroup. We have the isomorphism of -sets
We get from (2.2) the following composition of homeomorphisms If we take in Theorem 2.4 the family F as the family of ÿnite subgroups of or virtually cyclic subgroup of respectively, then i ] F is the family of ÿnite subgroups of or virtually cyclic subgroup of , respectively.
Short exact sequences
Let 1 → → → → 1 be an exact sequence of groups. In this section we want to investigate whether ÿniteness conditions about the type of a classifying space for F IN for and carry over to the one of . Proof. Let E be a m-dimensional -CW -model for the classifying space of for the family of ÿnite subgroups. Let p * E be the -space obtained from E by restriction with p. We will construct for each −1 ≤ n ≤ m a (dk + n)-dimensional -CW -complex X n and a -map f n : X n → p * E n to the n-skeleton of p * E such that X n−1 is a -CW -subcomplex of X n , f n restricted to X n−1 is f n−1 , for each ÿnite subgroup H ⊂ the map f
n is a homotopy equivalence and all isotropy groups of X n are ÿnite. Then X m will be the desired (dk + m)-dimensional -CW -model for E . The begin n = −1 is given by the identity on the empty set, the induction step from n−1 to n ≥ 0 is done as follows.
Choose a -pushout
There is a canonical projection pr i : is a homotopy equivalence for all ÿnite subgroups H ⊂ , there is a cellular -map
together with a -homotopy 
We obtain a -map f n : X n → p * E n by the -pushout property and the -maps i∈I pr i × id D n , i∈I pr i × id S n−1 and id p * E n−1 . Let f n : X n : X n → X n be the -homotopy equivalence relative p * E n−1 induced by the -homotopy i∈I h i . Let f n : X n → X n be the -map induced by the -maps i∈I id ( ×L i ELi)×D n , i∈I id ( ×L i ELi ) × S n−1 and f n−1 and the -pushout property. We deÿne the -map f n : X n −→ p * E n by the composition f n • f n • f n . Since (f n ) H and (f n ) H are homotopy equivalences for ÿnite H ⊂ as they are push outs of homotopy equivalences [15, Lemma 2.13 on p. 38] and f n is a -homotopy equivalence, f H n is a homotopy equivalence for all ÿnite H ⊂ .
We conclude that the resulting -CW -complex X n has only ÿnite isotropy groups and f H is a homotopy equivalence for each ÿnite H ⊂ . Notice that each cell Proof. The proof is exactly the same as the one of Theorem 3.1 except for the very last step. Namely, we have to know that EL i has a ÿnite L i -CW -model or a L i -CW -model of ÿnite type respectively and this follows from the assumptions.
Notice that the assumption about E in Theorem 3.2 would follow from the assumption that E has a ÿnite -CW -model or a -CW -model of ÿnite type respectively if Problem 7.2 has an a rmative answer. If is torsionfree, this assumption about E reduces to the assumption that there is a ÿnite -CW -model or a -CW -model of ÿnite type for E . If is word-hyperbolic, then its Rips complex yields a ÿnite -CW -model for E . Moreover a group is word-hyperbolic if it contains a word-hyperbolic subgroup of ÿnite index, because the property word-hyperbolic is a quasi-isometry invariant. It is not hard to check that any virtually poly-cyclic group has a ÿnite -CW -model for E . Hence we conclude from Theorem 3.2. 
Classifying spaces of ÿnite type
In this section we deal with the question whether there are -CW -models of ÿnite type for E . Lemma 4.1. If there is a -CW -complex Y of ÿnite type which has only ÿnite isotropy groups and is (non-equivariantly) contractible; then E has a -CW -model of ÿnite type.
Proof. The idea is to replace a cell
The construction is an obvious modiÿcation of the construction in the proof of Theorem 3.1 using the fact that EH i can be choosen as a H i -CW -complex of ÿnite type. Namely, we construct for n ≥ −1 a -CW -complex X n and a -map f n : X n −→ Y n to the n-skeleton of Y such that X n is obtained from X n−1 by a -push out of the shape
and f n extends f n−1 and is a non-equivariant homotopy equivalence. Then the colimit X = colim n→∞ X n is the desired -CW -model for E . (1) There is a -CW -model for E of ÿnite type; (2) There are only ÿnitely many conjugacy classes of ÿnite subgroups of and for any ÿnite subgroup H ⊂ there is a CW -model for BWH of ÿnite type; (3) There are only ÿnitely many conjugacy classes of ÿnite subgroups of and for any ÿnite subgroup H ⊂ the Weyl group WH is ÿnitely presented and is of type FP ∞ ; i.e. there is a projective ZWH -resolution of ÿnite type of the trivial ZWHmodule Z .
Proof. (1) ⇒ (2) Let E be a -CW -model of ÿnite type. Let =H 1 ; : : : ; =H n be the ÿnitely many equivariant 0-cells. Then any other equivariant -cell =K × D n in E must have the property that K is subconjugated to one of the H i 's because the existence of a -map from =K to =L is equivalent to K being subconjugated to L. Since each H i is ÿnite and has only ÿnitely many distinct subgroups, we conclude that there are only ÿnitely many conjugacy classes of ÿnite subgroups in . Now apply Lemmas 1.3 and 4.1.
(2) ⇒ (1) Let (H 1 ); : : : ; (H r ) be the conjugacy classes of ÿnite subgroups with a numeration such that (H i ) is subconjugated to (H j ) only if i ≥ j. We construct inductively -CW -complexes X 0 ; X 1 ; : : : ; X r such that X 0 is empty, X n is obtained from X n−1 by attaching cells =H n × D m for m ≥ 0, X n is of ÿnite type and X WH n -pushout
where i is the inclusion. As h is a (non-equivariant) homotopy equivalence, g is a (non-equivariant) homotopy equivalence. Hence Z is contractible and of ÿnite type. 
Finitely dominated and ÿnite classifying spaces
In this section we deal with the question whether there are ÿnitely dominated or ÿnite -CW -models for E . Recall that a -CW -complex X is called ÿnitely dominated if there are a ÿnite -CW -complex Y and -maps r : Y → X and i : X → Y such that r • i is -homotopic to the identity. If one knows that E is ÿnitely dominated, then there is the equivariant ÿniteness obstruction
whose vanishing is a necessary and su cient condition for E being -homotopy equivalent to a ÿnite -CW -complex [15, Theorem 14.6 on p. 278, Theorem 10.34 on p. 196].
Remark 5.2. If is a word-hyperbolic group, its Rips complex yields a ÿnite -CWmodel for E . If is a discrete cocompact subgroup of a Lie group G with ÿnitely many components, then G=K with the left -action for K ⊂ G a maximal compact subgroup is a ÿnite -CW -model for E [1] . If contains Z n as subgroup of ÿnite index, there exists an epimorphism of to a crystallographic group with ÿnite kernel (as pointed out to us by Frank Connolly) and hence an n-dimensional -CW -model for E with R n as underlying space. Any virtually poly-cyclic group has a ÿnite -CWmodel for E . If is 1 * 0 2 for ÿnite groups i , then there is a ÿnite 1-dimensional -CW -model for E [19, Theorem 7 in I.4.1 on p. 32].
Groups with ÿnite virtual cohomological dimension
In this section we investigate the condition b(d) and B(d) of Notation 1.4 and explain how our results specialize in the case of a group of ÿnite virtual cohomological dimension. Proof. We begin with b(d). Let M be a Z -module which is projective over ZH for all ÿnite subgroups H ⊂ . For a subgroup K ⊂ the double coset formula gives an isomorphism of ZK-modules
where c( ) : Next we improve Theorem 1.10 in the case of groups with ÿnite virtual cohomological dimension. Notice that for such a group there is an upper bound on the length l(H ) of ÿnite subgroups H ⊂ . Theorem 6.4. Let be a group with virtual cohomological dimension ≤ d. Let l ≥ 0 be an integer such that the length l(H ) of any ÿnite subgroup H ⊂ is bounded by l. Then there is a -CW -model for E such that for any ÿnite subgroup H ⊂
holds. In particular E has dimension max{3; d} + l.
Proof. We want to use the implication ( 
for any Z (H )-module M . Notice that (H ) is isomorphic to ∩ NH since is torsionfree and H is ÿnite and hence there is a d-dimensional model for E (H ). Therefore it su ces to show that |P(WH )| can be choosen to be (l−l(H )−1)-dimensional because then H
Problems
In this section we discuss some open problems. We emphasize that we state most of the problems not because we have a strategy to prove them, but because we lack counterexamples.
Problem 7.1. Which of the results in this paper carry over to a Lie group or more general to a (locally compact) topological group G and the classifying space E(G; K) for the family K of compact subgroups? . In order to check that B is ÿnite, one has to compute its ÿniteness obstruction o(B ) which takes values in K 0 (Z ). Notice that there is the conjecture that K 0 (Z ) vanishes for torsionfree groups . These considerations show that for torsionfree the answer to Problem 7.2 is positive if one asks for "ÿnite type" and very likely to be positive if one asks for "ÿnite".
There are some reasons to believe that the answer to Problem 7.2 is not always positive or that its proof is di cult. Consider the special case where : → is an automorphism of a group with E of ÿnite type such that n = id, the group is the semi-direct product of and Z=n with respect to , and H ⊂ is just Z=n. Let CH be the centralizer of H in . Since H is ÿnite and hence has only ÿnitely many automorphisms, CH has ÿnite index in NH . Then CH ∩ is the ÿxed point set Fix( ) of and has ÿnite index in NH . . Since for instance the kernel of the obvious epimorphism from the free group of rank 2 to its abelianization is not even ÿnitely generated, it does not make sense to ask a similiar question where one has information about the classifying spaces for and and wants to conclude something for the one of .
Problem 7.8. Suppose that there is a ÿnite-dimensional -CW -complex or ÿnite -CW -complex or -CW -complex of ÿnite type respectively whose isotropy groups are all ÿnite and which is contractible. Is then there a ÿnite-dimensional -CW -model or ÿnite -CW -model or -CW -model of ÿnite type respectively for E ?
The answer to Problem 7.8 is positive in the case ÿnite-dimensional if contains a normal torsionfree subgroup of ÿnite index by Theorem 2.4. A positive answer to Problem 7.8 in the case ÿnite-dimensional is given for groups of type FP ∞ in [14, Theorem A] . More generally we get a positive answer to Problem 7.8 in the case ÿnite-dimensional from Lemma 1.5 and Theorem 1.10 provided that there is an upper bound l on the length l(H ) of the ÿnite subgroups H ⊂ . Problem 7.8 in the case of ÿnite type is equivalent to Problem 7.5 by Lemma 4.1 and Theorem 4.2 provided that there are only ÿnitely many conjugacy classes of ÿnite subgroups of .
Recall that the condition B(d) is necessary for the existence of a d-dimensional -CW -model for E (see Lemma 1.5). This is not true for the condition appearing in Theorem 1.6 and Theorem 1.10 that there is an upper bound l on the length l(H ) of the ÿnite subgroups H ⊂ (see Example 1.11). Therefore the question arises:
Problem 7.9. For which groups the following is true:
( Problem 7.13. Can one give nice algebraic conditions which ensure the vanishing of the ÿniteness obstruction o (E ) provided that E is ÿnitely dominated? Is there at all an example where E is ÿnitely dominated but does not admit a ÿnite -CWmodel?
Here is a suggestion for a solution of Problem 7.13. A ( ÿnite) permutation Zmodule is a Z -module M which is isomorphic to a (ÿnite) sum of Z -modules of the shape Z =H for some ÿnite subgroup H ⊂ . Problem 7.14. Suppose that satisÿes the following condition: There are only ÿnitely many conjugacy classes of ÿnite subgroups in and for each ÿnite subgroup H ⊂ the trivial ZWH -module Z has a ÿnite-dimensional ZWH -resolution by ÿnite ZWHpermutation modules. Is then there a ÿnite -CW -model for E ?
Notice that the condition in Problem 7.14 is necessary for the existence of a ÿnite -CW -model for E by Lemma 1.3 and Theorem 5.1 since such a resolution of Z is given by the ZWH -chain complex of EWH . Moreover, if the condition is satisÿed, E is at least ÿnitely dominated by Theorem 5.1. Problem 7.14 has a positive answer if for each ÿnite subgroup H ⊂ and each exact ZWH -sequence 0 → Q → P 1 → P 2 → · · · → P n → 0 such that Q is ÿnitely generated projective and P i is a ÿnite permutation ZWH -module for 1 ≤ i ≤ n the ZWH -module Q is stably free, i.e. becomes free after taking a direct sum with a ÿnitely generated free ZWH -module. The most optimistic version based on Remark 7.6 and Problem 7.9 would be Problem 7.15. For which groups are the following statements true for an integer d ≥ 3?
(1) There is a d-dimensional -CW -model for E if and only satisÿes b(d).
(2) There is a -CW -model of ÿnite type for E if and only if is ÿnitely presented, has only ÿnitely many conjugacy classes of ÿnite subgroups and is of type FP ∞ .
(3) There is a d-dimensional ÿnite -CW -model for E if and only if is ÿnitely presented, has only ÿnitely many conjugacy classes of ÿnite subgroups, is of type FP ∞ and satisÿes b(d).
